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ON THE CONSTRUCTION OF BIB DESIGNS WITH
VARIABLE SUPPORT SIZES

e

] by
' A, Hedayat and H.L. Hwang

Department of Mathematics
University of Illinois at Chicago

ABSTRACT

A balanced incomplete block (BIB) design with b blocks is
*
said to have support size b when exactly b* of the b blocks
are distinct. The importance and the applications of BIB designs

*
with b ¢ b 1n design of experiments and controlled sampling

were explained in detail in Foody and Hedayat (1977) and Wynn (1977).
A method of constructing BIB designs with various support sizes
from known designs is introduced. This method, together with an- ﬁ
other method called, "trade-off", which was introduced by Hedayat §
and Li (1979) are utilized to construct BIB designs with v = 8,
k = 4 in particular. A table of BIB designs with 14 ¢ bv" < 70,
b 4 15,16,17,19 with v =8 and k = ¥ 1is included.

din o o .




1. Introduction: Following the standard notation we consider BIB

designs with parameters v,b,r,k and 1. It is known that BIB
designs with repeated blocks are useful in experimental designs
and in controlled sampling (see Foody and Hedayat (1977) and Wynn
(1977) for detail). The structure of BIB designs with repeated
blocks has interested researchers since the 60's, for example,
see Parker (1963), Seiden (1963), Stanton and Sprott (1964), Mann
(1969), van Lint and Ryser (1972), van Lint (1973%,1974) and Wynn
(1977). More recently Foody and Hedayat (1977). Hedayat and Li
(1979) and Hedayat and Khosrovshahi (1979) systematically studied
the techniques of constructing BIB designs with various support
sizes for a given v and k. Foody and Hedayat (1977) showed
that the combinatorial problem of searching for BIB designs with
repeated blocks is equivalent to the alsebraic problem of finding
solutions to a set of homogencous linear equations. A table of
designs based on v =8 and k =3 with 22 ¢ o < 56 were
produced by using this eguivalence. Hedayat and Li (1979) intro-
duced a method called "trade off" which was utilized to construct

BIB designs with v =7 and k =3 with all possible support

sizes. Hedayat and Khosrovshahi (1979) utilized a linear algebraic

technique to study BIB designs with v = 6 and k = 3 and produced

a corresponding table of designs on all possible support sizes.

can be found that these tableg provided by the above authors contain

only the designs with minimum b corresponding to each support

*
size b .
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This report is a continuation of the above research. 1In
{ Section 3. we introduce a method of constructing BIB desicsns with
various support sizes from known desicns, Using this method we

have produaced most of Lhe desiegns listed in Table 1 whioh ig Lased on

i v=8 and k = 4,6 except for b= 2%,41,42,55, However this
method is applicable only when some known designs exist and satisfy
Ei certain conditions. In Section 4, we study the "trade off" method

£ and give a more explicit way to use the "trades". The designs

corresponding to L = 23,41,42,55 in Table 1 are constructed

through this method. In the Appendix we have proved that there i

is no (v,k) trade of volume t for t = 1,2,3. The nonexistence

of a (v,k) trade of volume 5, for Xk < 4 is proved by computation.

*
It 1s important to note that for a given number b , if d is a

1 i
X

BIB(V.bl.r].k,Allb )., such that by iz minimum among those designs ]
with support size b and if d

1 contains a BIB design d which

2
contains bmin blocks such that bmin is the minimum positive in-
teger solution for b satisfying (i) bk = vr and (ii) rx(v-1) = r(k-1)
with X,r poslitive integers, then the existence of a BIB(v.b.r.k,xlb*)
is always guaranteed for b > b, and b satisfying (1) and (ii).

The designs listed in Table 1 are selected to fit the above proper-
ties. Hereafter, for simplicity, we shall refer to the BIB(8,14,7,4,%
presented in the first column of Table 1 as the first design. Except
for b* = 23, all the BIB designs found in Table 1 contain the first

design. While the design for b = 28, b = 23 4in Table 1 is actually

S gl 4K it AL

a combination of two BIB(8,14,7,4,3) (sve kxample '.1).
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2. Definitions and notation.

Let V= (1,2,...,v] and let vIk be the set of all distinct
subsets of size k based on V. Elements of vIk will be called
blocks. A block of size 2 will be referred to as a pair. A block
of size k consisting of elements Xy sXny oo n s Xy will either be
denoted by (xl Xy oo xk) Or X;X, ... X, while the order among
the k elements are immaterial.

A balanced incomplete block design, d, with the parameters

v,b,r,k and A, written BIB(v,b,r,k,1), is s collection of b
elements of vIk with the properties that:
(1) each element of V occurs in exactly r Dblocks;

(11) each element of v%2 appears together in exactly
A Dblocks,

Note that repeated blocks arc allowed in a BIB design. The

number of dlstinct blocks in a BIB design 4, denoted by b*. is

called the support size of d and the support of d 1is defined

to be the collection of b distinct blocks contained in d.

We will denote a BIB(v,b,r,k,\) with support size b by
BIB(v,b,r,k,A|b*). A BIB design with b = b" = (V) (the cardinality
of vYk) is denoted by d(v,k) and referred to as the trivial BIB

design based on v and K.

Crder the blocks in vIk and let B1 be the 1th element
of vik, we identify B, with the (})-dimensional column vector
whose entriles are zcros except that the 1th entry is one. Then

& balanced incomplete block design can also be identified with a

R A T R RO Y T T
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(K)-dimensional column vector F = (fl,fe....,)', in which f,

denotes the frequency of the 1ith element of vIk 1in the design.

In terms of this, a BIB(v.b.r.k.xlb*) can be regarded as Tf,B

: i71i ¢
i '
E with f, nonnegative integers and B; € vfk such that: 3
(1) Tf, =b and T 1=, 4
i fi+o g
?
(1) ¥ f, =r and T £, =) for any x €V E

By3x Bia(xy)

and (xy) € vr2.

Throughout this report, men will denote an mxn zero matrix
and men is an mxn matrix with all entries equal to one. To

avoid messy expressions the dimensions of matrices should be deduced

from the context if they are not explicitly specified.

3. A Method of constructing BIB designs.

o

Let S and S be subsets of v¥k such that

k1l k2
Sy = [xl...xk; Xy $ v, for all 1 =1,2,...,v}] and Sy, = [X]...X;

xy = v for some i}. Clearly, S1 N Bpn = ¢ and vEk = 8 4 W S,

i T AT s pwp e

Assume the blocks in vtk are ordered in the following manner: the

e v

blocks in Skl precede those in Ske and for each 1, the blocks in
Ski are ordered lexicographically. Let P be the incidence matrix

v
k

with p1J = 1 1f the 1ith pair is contained in the Jjth block

of pairs versus blocks based on V. i.e.. P is a (3) vy (V) matrix

,
y
hy
&




v

and piJ = 0 otherwise. Then

o
]
1
[}
1
L}
[}

where Pij 1s the incidence matrix of the palrs in 821 versus

the blocks in S, ., 1 = 1,2, §J = 1,2. Indeed P21 = 0 1is a zero

kJj

matrix,

Theorem 3.1. Suppose d; 1is a BIB(v-l.bi.r k .lilb'), i =1,2

and Kk, = k, + 1 = k. Then there exists a BIB(v,b,+

1P T1*To.
koA {b if and only if r, = A #

2) 2 102

Proof: Let d3 be the new design obtained from d2 by augmenting

the vth element to each block of d,. Note that dl A d3 = ¢

and d3 is not a BIB design. Let d = d1 3 d3 and let

) v \ :
(fil' 12"") be the (k>—dimensional column vector in

th

which £ is the frequency of the J element of vFk 1in d

1J

i=1,3. Then F = Fl + F3 is the frequency vector assoclated

with d based on P, According to the way we ordered vTk,
. r « T -’l T V-l -
[F" : 01 and F3 10 F3 . where F, is a ( K )

dimensional column vector and F3 is a (k_l/-dimensional column

io

vector. Then
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k P11 P2 Fy T
PF = P(F1+F3) = -;--- -;--- --;--- :
21 Foo 3
L P11Fy + Pyofy Moty
P, Fy + PpoPs r,

Thus d 1s a BIB design if and only if xl + 12 = Ty

PRI RO R KSR R R I
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Example 3.1. Let d be BIB(8,14,7,4,3]|14), the first design in

Table 1. Let 4 be consisting of five copies of d and

1
dy = d(8,3), we have:
* 7
ry = 35, Ky =4, %, =15, by = 70, by = 14; :
* 4
r, = 21, k2 =3, A, = 6, b, = 56, b, = 56
and r2 = xl + 12 = 21,

Augment 9 to each block of d2 to obtaln d3. Then d1 U d3

is a BIB(9,126,56,4,21]70).

Corollary 3.1. (i) Suppose v = 2k and k 1is even. Let d, ﬁ

* |
be BIB((2k-1), (Ek-l)tl, kty, K, ktl/2 | bl) and d, be
BIB((2k-1), (2k-1)t,, (k-1)t,, k-1, (k-2)t, s | by). Then there
exists a BIB(2k, 2(2k-1)t, (2k-1)t, k, (k-1)t | by + by) if and

only if tl = t2 = £,

RO B, AR o T g A AP B PR P D e




(11) Suppose v =2k and k 1is odd. Let d, be BIB((2k-1),

2(2k-1)ty, 2kt,, k, kt; | bI) and d, be BIB((2k-1), 2(2k-1)t,,

1 2
2(2k-l)t2, k-1, (k-2)t2 | b;). Then there exists a BIB(2k, 4(2k-1)t,

2(2k-1)t, k, 2(k-1)t |b; + b;) if and only if t t, = t.

1° 2
Since a BIB((2k-1), b, r, k, A) is indeed the complement of

a BIB((2k-1), b, b-r, v-k, b-2r+)), an alternative way to describe

the above is that suppose d, 1is BIB((2k-1), b, r, k-1, % | b;),

i=1,2, then d) U d), is a BIB(2k, 2b, b, k, b-2r+2) | by

1 1
where di consists of the blocks obtained by augmenting the

¥
+ b2)

(2k)th element to each block of d; and d; is the complementary

design of d, based on (2k-1) elements.

Remark 3.1. When d; = d, then di 1 dé is indeed self comple-

mentary and hence a 3-design. (See Hedayat and John (1974).)

Example 3.2, Let v =8 and k = 4,

Let d; = {124, 235, 346, 457, 561, 672, 713} and
d, = (124, 135, 167, 237, 256, 346, 457}.
Then di = {1l2k4g, 2358, 3468, U578, 50618, 6728, 7138} and

dl = (3567, 2467, 2345, 1456, 1347, 1257, 1236).

n
|

It can be easily checked that di y al

5 is a BIB(8,14,7,4,3|14).




Example 3.3. Let v =8 and k = 4,

Let dl = d2 = (124, 235, 346, 457, 561, 672, T713)}.

Then di = {1248, 2358, 3468, 4578, 5618, 6728, T138},
a5, = (3567, 1467, 1257, 1236, 2347, 1345, 2456}

and dj U d} is not only a BIB(8,14,7,4,3|14) but also a 3-design.

_Hedayat and Li (1979) have produced a table of designs based
on v=7 and k =3 with all possible support sizes. We can
now use their table and the above method to construct BIB designs
based on v =8 and k = 4, Most designs except for

b’ = 23, 41, 42, 55 in Table 1 are found this way.

4, The trade off method.

If Bi is a block in vIk and ti is an integer, the

collection

§={ctB.:

1 : 2 t, = 0 for all (xy) € vEe

is of particular interest. Following Hedayat and Li (1979), ele-
ments of § are called (v,k) trades. The sum of positive t,'s

i
in a (v,k) trade is referred to as the volume of the trade. (It

can be easlly seen that the sums of positive ti's and negative

ty's ina (v,k) trade are equal). Whenever a BIB(v.b,r . k,\)

exists, any other design with the same parameters can be obtained

by adding proper elements of .

PV 3T T T

e
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Example 4.1. Let v =8 and k = 4,

Then (1238) + (1156) + (1478) + (1678) + (2467) + (2578) + (3458)
+ (3468) + (3567) - (1278) - (1358) - (1467) - (1468) - (2348)

- (2567) - (3456) - (3678) - (4578) represents a trade of volume
9. When this trade is added to the BIB design d, = (1236) +
(1245) + (1278) + (1357) + (1358) + (1467) + (1468) + (2347)

+ (2348) '+ (2567) + (2568) + (3456) + (3678) + (4578), we obtain
another BIB design d, = (1236) + (1238) + (1245) + (1357)

+ (1456) + (1478) + (1678) + (2347) + (2467) + (2568) + (2578)

+ (3458) + (3468) + (3567). 1In other words, from d, the nine
blocks (1278), (1358), (1467), (1468). (234y), (2567), (3456),
(3678) and (4578) have been traded for the blocks (1233),
(1456), (1478), (1678), (2467), (2578), (3458), (3468) ana (3567)

to obtain the second design d2.
The design d; + d, being a BIB(8, 28, 14, 4, 6]|23) 1is listed

in Table 1.

It is obvious that the sum or the difference of any two (v,k)

trades is still a (v,k) trade. Therefore J forms a Z-module.

Let Sv be the symmetric group on V. Let T =T tiBi be
i
a (v,k) trade. For ¢ ¢ S, let ™ =~ tiBi where

B = (a(x)) e(x;) +v.a(x)), 1f B = (x) X5 ... X.).

The following theorem gives a generator for the (v,k) trades.

s P SPCIVPSE LAY L S L I SRR T

), T
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Theorem %.1. (Graham, Li and Li).

The module N for (v,k) trades is generated over Z by

the collection (T°:5 ¢ Sv]

T

[}

and W 78 ... (k+3).

i

Theorem 4.2.

where

(135v) + (245W) + (236W) + (146W)
(246W) - (12%6wW) - (14swWw) - (235W)

(4.1)

Let [Bi:i =1,2,3,4) Dbe a collection of blocks of size k

on V. Suppose {Bi] has the following properties:

C &=

(1) B,

1 1

(Xy,%X5,-
i 172

B

B ( x,

[ 2y

i

(i1) each element of

and each pair of

,X8,...

{X),+...%g) occurs twice in v B,

i Xgs xl,....xk+3] and

’xk+'5} ’

4
1’

[xl,...,x6} occurs together
i

either zero or once in U Bi'

For each 1, let Bi be

x7,...,xk+3) and Bi n B1 T
I
block of size kK and T = ¢
1

volume 4,

1

such that B U Fi = [xl,...,x6,

[x7,x8,....xk+3}. Then B, 1is a

i
i
B, -~ ¥ B, is a (v,k) trade of
i 1 i

3 ~.~4'I';‘E¢“‘3 -s\’:".'\:.:.ﬂtﬁ ".‘ o AW |
IDRTRRIRIIR LY A+ - R T g KOO
oo 3 K Y px O T4
b 2 : 4
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Proof: Let xi,xJ € {xl,...,x6, x7,...,xk+3], also let n(xi,xd)
and H(xi,xj) denote the number of times that x; and Xy occur

3 together in U B; and U B,, respectively.

Case 1. XgXy € [x7,...,xk+3}, then n(xi,xj) = n(xi,xj) = 4,

o mnn

Case 1i. x; € [x;,...,xg} but Xy € (x e then

.,xk+3],

n(xi,xd) = 2. By (ii) we may assume X, € By "B, bdut

1 2
xy ¢ By U By. Hence x, ¢ By W B, and x, ¢ By N By

Rt T

and n(xi,xj) = 2,

¥ Case i1ii. xi.xj € [xl,...,x6], either n(xi,xj) =0 or 1.

Ir n(xi,xj)

0, we may assume Xx; ¢ Bj M B, but x, ¢ By v By
and X ¢ B, U B, but Xy € By y By. This implies x, ¢ B,y B?
but x; € By N B, and X5 € B, " B, but X 4 ﬁj ' B, and
H(xi,xj) = 0.

If n(xi,xJ) = 1, we may assume X, ¢ B, N B, and Xy € B, " B3
but  x, ¢ By ' By, X, ¢ By ! By. This implies that x, ¢ Fl ' E?,

X5 ¢ Eé 1 35 but X, € §3 n By, Xy € B, » B, and hence ﬁ(xi,xj) = 1.

- e e o

Jd
ihus nixi,xj) = n(xi,xJ) for all XgoXg € [xl,....xk+3] and
T=7"B - ﬁi is a (v,k) trade of volume 4,
1 l

I.et " denote the collection of trades of volume U with the

properties described in Theorem 4.2. We have the following:

Theorem 4.3. & = {(T° 0 ¢ Sv], where T 1is the same as (%.1).

Hence the module J for (v,k) trades is generated over Z by °.
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4 h
Proof: Let T, € %, we may assume T, = ¥ B, - v B, with
—_— 1 1 1 1 1 i
- 4 —- ’ — ¢ - sl
Bl = xlx2x3h , B2 = xlxuxsw , B3 = x2x4x6w , Bu = x3x5x6w and

o
!

= xux5x6w', Fé

@ ’ —1
‘J — X7x8 e o0 XK+3.

N — Es} — -8
x2x3x6w , EE = x1x3xSW', By = X X)W,

1

Let Xl = 0(1), x2 = 0(6), X3 U(I*)v x}+ = 5(3)’ x5 = 0(5)’

7,8,...,k¢3. Then T, = 7.

o _ % o
On the other hand, let ¢ € S, then T° = ¥ By - 7 Eg where
1
n

i
u B] = {0(1),0(2),....0(6)) uo(W), 0 B] = (W)
! 1

i

Xg = c(2), and Xy = o(j) for

and

Bi u Eg = (o(1),0(2),...,0(6)} 1! a(W), Bg A Eg = ¢ ().

Here W = (7,8,....(k+3)}.
Let X5 = o(i), then T has the properties as described in
Theorem 4.2, i.e., T° ¢ &. Hence we have the desired result.
Although Graham, Li and Li (1980) provided a basis for the
(v,k) trades, the collection £ is indeed more practical in cons-

tructing new designs from a given BIB design.

Example 4.1. Let d y denote the design presented in Table 1

s

corresponding to b = x and b = y. Let T = (1234) + (1u468)
+ (24s58) + (3456) - (4568) - (2345) - (1346) - (1248), then
Te«®&, Add T to du2'39, we obtain the design dh?,ul' Now
let T = (1245) + (1268) + (1348) + (1356) - (1368) - (1345)
- (1256) - (1248), which is also in ©. Add T to d”?'ul, we
obtain the design due,uz in Table 1. ‘

A e o w
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As we have mentioned before, the designs in Table 1 with

-
-

b = 28, b’ = 23 and b = 56, p* = 55 are similarly constructed

e eh

by repeated application of trades in =.

Note that for given v and k, if bmin is the minimum

positive integer solution for b satisfying (i) bk = vr and

(ii) 2 (v-1) = r(k-1) with A,r positive integers, then any other

F L R

solution. b must be a multiple of bmin’ If a BIB design 4
with parameters v.k,bmin exists, other BIB designs based on v
and k should be able to be constructed from md by adding
trades of the form T tiTi with ti € Z and Ti e & to md,
where md denotes m copies of d, m= 1,2,... . It is lmportant
to note that. without using the table provided by Hedayat and Li
(1979), we can still construct BIB designs based on v = 8 and
k = 4 with all possible support sizes as long as we have the
first design. As a matter of fact, designs with minimum b

) corresponding to each b*, 14 < b £ 70 and o + 15,16,17,19

have also been constructed through the above method without any

difficulty.
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5. Final remarks.

(1) It is known that b > v and b 4 v+l for any v.

Also when b = v, the designs are uniform (i.e;, all the blocks
repeat the same number of times.) ' (See Foody (1980) and van Lint
and Ryser (1972).) From Foody (1980), any design with v = 8, k = 4
b = 10 JIf it exists is also uniform. 1In Foody (1980), Proposition
2.3 leads the nonexistence of designs with v = 8, k = 4 and

b = 8,10. Therefore when v =8 and k = 4, 11 b < (i).

(ii) 1In this report, we provided a table of designs based on
v=8 and k = 4 which has minimum b corresponding to each b*
such that b" > 14 and b 4 15,16,17,19. Whether there exist
BIB(8,14m,Tm,%,3m|b") designs with b ¢ (11,12,13,15,16,17,19)
is still unknown.

(111) In the Appendix, we have shown that there is no (v,k)
trade of volume 1,2,3 and no (v,k) trade of volume 5 for k < 4.
Hence if any of the above missing designs exists for b = 28, it
has to be indecomposable.

(iv) Whether there is a k such that a (v,k) trade of

volume 5 exists is an interesting unsolved problem,
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APPENDIX

Study of trades of volume t

For convenience, we give an alternative definition of a

(v,k) trade:

Definition A.1. A (v,k) trade of volume t, 3 < k ¢ v, is a pair

D, :D such that each D is a set of t Dblocks in vIk with

1°72 i

the properties that (1) D, " D, = ¢ and (ii) each pair of elements

17 72
in V appears together in blocks of D? the same number of times

as in Dl‘

Given v and k, let D be a set of t blocks in vTk.
Note that we do not rule out the possibility that D may contain
several copies of a block. Order the blocks in D 1lexicographic~
ally. It is natural to identify D as a txv matrix A such

that A’ = (a is the incidence matrix of elements in V versus

31!

blocks in D with a equal to one if the Jjth element of V

Ji
is in the 1ith block of D and zero otherwise. We shall call A

the matrix representation of D.

Lemma A.1. Let Dl:DQ be a pair of t blocks Iin v©k, 3 ¢ k ¢ v

and let A be the matrix representation of Di' i =1,?. Then

i

Dy:D, is a (v,k) trade of volume t if and only if:

1
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(1) A, 3

i Iy = K J

tx1’ i=1,2,

(11) R(Al) n R(Ag) = ¢, where R(Ai) is the set of row
vectors of Ai’ i=1,2.

(iii) AiAl = AéAe, where A; is the transpose of A
i=1,2.

1'

Proof: Let lgi) and ng) denote the number of replications

of the pair (j,t) in D, eand D, respectively. It suffices

2
to note that Dl:D2 is a trade if and only if xg%) = \gf). for
. ¢ - (l) ’ - (2)
all J,t e V; while AfA] = (xJL ) and ALA, = (xJL ).

Lemma A.2. If D,:D, is a (v,k) trade of volume t, then
| Di:Dg is a (v,v-k) trade of volume t, where o = [Bc; BeD}
and BS = V-B, the complement of B with respect to V.

ﬂ Proof: By Lemma 2.1, DJ:D; 1s a trade if and only if
— ’
| B'lBl = B,B,
f where Bi is the matrix representation of Di. Since Dl:D2 is

8 trade, then AiAl = AéAe. Here again Ai is the matrix repre-
{ sentation of Di‘
; Now Bi = J - Ai’ thus

BiBl = BB, o (J-Al)' (J-Al) = (J-Ae)' (J-AQ)

) J'(Az-Al) = (AE-A%)J.

BRI SN IR

SR RS- S

e
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But _ T
A1) (1) L )
i
J'Ai = r](. ) réi) sev e r‘(ri)
r{t) e, ()
1 R N

where rgi) = xgﬁ) is the number of replications of the Jjth

element of V 1in Di'

AiAl = A'2A2 a‘rgl) = rgz) for jJ=1,2,...,V.

’ - 4
o J Al = J Ag.

¢ - 1l
Therefore BlBl = B232 as desired.

Hereafter, let Bil) and Biz) denote the 1ith rows of Al

and A, respectively. Also let cgl) and cgz) denote the Jjth

2
columns of Al and A2 respectively.

Lemma A.3. Suppose D;:D, 1is a (v,k) trade of volume t. Let
rj denote the replication number of the Jjth element of V.,

Then ry = 0 or 2= ry <t and o $ t-1.

Proof: Assume r, = t-1 (# 0) for some ¢ € V. Let
- (a(1) - (a(2) o
A = (aiJ ) and A, = (aiJ ) be the matrix representations of

D1 and D2 respectively. Assume a§}) =1 for 1 =1 = t-1

(1) _
and atC = 0.

LA




~
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Let 2’ be any element in V.

’
Case (i): g%) =1, then 1,,, = Cgl) Cg}) =r,, - 1. By assump-

2
tion AiAl = Aé o = (xij) with A,, =7r,, 1,5 ¢ V. Hence

(2)’ (2)

i}

r,, - 1 implies aj ) 1 if agi) = 0.

¢’
’
Case !ii} g& = 0, then XLL’ = cgl) cg}) = r{'. Which implies

- (2) _ (1) _ 42 ‘
aiL) - 0’ E a’i& = 0. M at") = ait)’ YL e V. i.e.,
Bﬁl) = B§2) which 1s impossible.

Corollary A.l. There is no (v,k) trade of volume 1, 2, and 3.

Note that if Dl , is a (v,k) trade of volume t and

rJ =t for some J e V then we can delete the Jjth element of
V from each block of D; and D, and obtain a (v, k-1) trade
of volume t. Therefore to study the existence of (v,k) trades
of volume t, it is enough to search among those with X + t.
Moreover, let n be the number of elements of V appearing in

Dl and D2, then

k+3 < n ¢ kt/2. (A.1)

Since if n ¢ k+3 the collection of (n,k) trades is void
[Graver and Jurkat (1973)]. n < kt/2 Dbecause each element takes
at least two positions out of kt positions in the t blocks.
Also, let EJ = {ieV; r, = J}. 0 3 < t, it is easy to verify
that
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Y |E,| =n
J
and (A.2)
v JIE,| = kt.
3 J

From now on, we study the case when t = 5. By (A.l) for any
(v,k) trade of volume 5, n ¢ 5k/2. Hence if D,:D, is any (v,k)
trade of volume 5, for best convenience, their matrix representa-
tions will be 5x¢ matrices with £ = [5k/2], where [x] denotes

the greatest integer ( x.

Theorem A.1. If Dl:D2 is a (v,k) trade of volume 5, then any

two blocks in Di' i=1,2, has at most k-2 elements in common.

Proof: It 1is enough to prove that the assertion is true for

i = 1. Let Al and A? be the matrix representations of Dl

and D2 respectively. Assume that

! ]
A Tox(k-1) 1 1 Zox(r-k-1)
11 VP12 4 P13
(10 _ /1 0\
with C = (1 0 or C = ‘o 1/ °

Case giZ: rJ =2 for some 1 r j = k-1. We may assume that

J=1. Then

S 8ES
11 o 14

and

_,‘,.‘__
Pl &

TR,

——




11
_________ ) f
’ 4 ’
MAy = | ¢ ST ( I 1e a8
’ [ ’ [ L]
ST \S111 512 1513
(4 ’ I 4 I4
31T + 81381y 1970 + 8148, 1 87,8y,
’ ’ ’ ’ !
= f_f-f_?;2_;1_L?_?-i-?;e?;g-a_;g_Lz (A-3)
Vons t
813511 813510 + 592513

where

]
(O
- 999 i
J'T+ 591517 = @ (ko1)x(k-1) * s' \@ 'Sll)
s/ \U |

(019
= 2J( + ) e
K-l)X(k-l) O ' SI (o]
K": 14°1{+
2 2 ... 2

N e e U e D W WD e e YD R e T e S -

implies xij =2 for 1= j <k~ 1. (A.4)




:
=00
(10
(a) It ¢ =(13), then )
b
20 '
Jc+st.s.. =) o+ (0290 o (2.0
11°12 T s S
2 0 1 2
0 ... s
and Silsl3 = ("-5“-) , Which implies
3
‘Mg =2 and 113 =0 for k<¢J=wv. (A.5)
Since AiAl = A’A = (113), (A.%4) and (A.5) imply that :
(2) _ g(2) (1) _ »(1) P
B,°’ = By B;~/ = By, }
/1 0
(b) If C = \o 1/s then
’ ’ - 0 0 - 1 1
JC+ 871510 = Jea)xe t et el |
1 2 :
and S’.S., = [9-22:.9]  uhich implies
282 P11°13 S ’ L
)
Mg T A(gen) =1 oand A =0 for kel < J T v (A.6)
’ _ ’ -
Since AjA; = AJA, = (liJ), (A.4) and (A.6) imply that

ey

Bil) = Bie), 1=1,2.

Case 5112. rJ 3 for all 1 = § % k-1. We may assume

S

()]
[42]
N
—

TGRS

where each S; 1is a 3xk; matrix with one's in the 1ith row and
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3
zero elsewhere, kl > k2 > k3 = Q, i;l Ki = Kk-1l.
Then A{A; 1s of the form (A.3), but
’ ' e : ’
51511 5152 " 5153
’ ’ _ * Car ' a
TI+ 851511 = B (kan)x (k1) H| 520y 1 %2 1 Bt
’ C LY 4
S35y 1535, 15555
K . 0 ' 0
e Yoe s el
= 29 (k-1)x(k-1) *| R ; Jkexkg + 8
o o .
~ -~ g S
33 L ag t2J
I e WU S-S W Yl
= | 2J V3J 27 (A.7)
- WS- S -y
2J v 2J ' 3g
k}’(kl . k3xk3 ' ijk5
Set k_l = ko =0, {(A.7) lmplies that for t = 1,2,3 and
Keo + Keop <1 Tk o+ ke g+ K
y o Seea R ISR TRy Y Ky
i -
J 2.1 % g k-l but J g (kg o+ ke jo ke o+ ke |+ K],

(a) If ¢ = (7 J), then

e e
F AR TR

" ‘EL‘—

e L etein el i oo

-

TORTNEN

B
b
Bt
2
X




¢ ’ -
JC + 511812 =

f 4
+ 571512¢

NNeee N
Qe O

which implies A =2, for 1 =1i = k-1.

ik
ta ot L (2) _ (1) _
Since AJA; = AZA, = (xij), it forces B;“/ = B; for 1 =1

or i=2,

(v £ ¢=(59),

J'C + 8.8

11512 = J(k-1)x2 *

4
SllSIQ’

which implies X;4® 1 for 1 =1 k-1, J =k, kil. If kg 4+ 0

for t = 1,2, then either B§2) or Béz) has to be equal to one

of Bﬁl) or Bél). If k, = ks = 0, also forces either B§2)

or Bég) equals to one of Bgl) or Bél), otherwise Bge) has

at least k + 1 one's which is a contradiction.

By using (A.l) and Theorem A.l, it is easy to obtain:

Corollary A.2. There is no (v,3) trade of volume 5.

Lemma A.4. Suppose D,:D, is a (v,k) trade of volume 5 and
;f : there is no (v,k-~1) trade of volume 5. Then the number n of

varieties appearing in D1:D2 is at least 2k,

R o e

4
s
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Proof: If n s 2k-1, D,:D, can be considered as a (2k-1,k) trade

of volume 5.

Lemma A.2 implies Di:Dg is a (2k-1,k-1) trade of volume

5 which is a contradiction.

Theorem A.2, There is no (v,4) trade of volume 5.

Proof: Suppose Dl:D2 is a (v,4) trade of volume 5. By Theorem

A.1l, any two blocks in Di has at most 2 elements in common,
triplet will not occur in block intersections. To examine the
existence of such trades, it is enough to consider three cases:
(1) each pair appears in D, at most once; (2) there is a pair

appearing in Di twice and other pairs appearing in D at most

i
twice; (3) there is a pair appearing in Di three times.

It is enough to start with Dl'

Case (1). This 1is indeed the case Bgl) n B(l) = 1 for all i
= i J S

and J. Since if |B§l) n Bgl)l = 0 for some i and J, the

number of varieties appearing in D, would be greater than 10

which contradicts to (A.1). Ten varieties will be involved, each

appearing twice. With no loss, we may assume

S

. S iz L e e AR T _—
R PN d. vt §i e U L2 ! e s 5l Saitie Ois SRR R CE R TR,

Y RS-,




- 1111000000

- 1000111000
; A - |0100100110
| 1 0010010101
f 0001001011

A 1841 = Ak
| = |B§2) n Bgz)l =1 forall i and J, A, has to be egual to
A

To satisfy the conditions A’A, = AJA_, and lBgl) n Bgl)l =

1 .

Case !2). iM?§V liJ = 2. Let ry = mgx ri and r, = m§x rJ,

where (i,jJ) runs through all the pairs with lij = 2, Then
(rl’re) = (292) or (3,2) or (3'3)'

(1) £ r) = r, = 2, then
11110000 0 0\
1100110000
A, = |00
1 00! s,
0 0
1110100000
1101010000
A,= {00
00, 82
00
with
‘ 11110000
S. = 00001111 which is5 no good
2 00001111 —_— = =
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(111) If

which implies

9’39. )‘5621°

(a)

Then

implies |B§2) n B£2)| =3

(b)

which implies

-28~

rl = r2 =3 ng9 and
1111000000
1100110000
A, =1 0
1 \oz1: s
0! 1
xij =1 for 1=1,2 and 3< J 6.

There are four possibilities for A2:

110001000
11000001210

A, = |10 )

2 01" S,

00"
01110000

S,= (01110000
10001110

>
{
ODOKF HH

Also

Apy 2 1

T
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x3 xu x5 01 x8 x9 0
S = |¥3 Yy ¥501yg¥90
1 ul 1 10 vl wl o)
and
x3 xu x5 10 x8 x9 0
Sy = |¥3 ¥y ¥51 0yg ¥g O

1 1 u, 01 V, W5 0

82 implies 174 = 2 and hence Xy =¥y = 1 and u, = 0. §

1 1l
implies 156 = 2 and hence x5 = y5 =1, u, = 0. But these imply

that IBgl) n Bﬁl)l 2> and |B§2) n Bﬁe)l 2 3, a contradiction.

1110Y00000
1100001100
(C) A, = 1 O
“ 011! S,
0 0!
implies
x3 0 x5 011x,0
Oy- 011y, 0
S, = (Y
1= (Yal¥s 2l Y 9
S11 ' 0
and

S2 implies %, = 2 Dut there is no way to arrange S, with

1

such property.




L R Y e L T

11
11
(a) A,=110
01
00

This tmpltes B{Y) = B{?) ana B{Y) - B{2).

y PeT g

case (3). 1M§XV lij = 3. Assume T, =T, = Mo =3 (again
, je

n < 9).

implies 115 =1 for 1i-=1,

2 and 3 J< 8. Also gy 2 1,
156 21, A9 2 1 and v,4 = 0. Therefore

1110100000

112010012000

A2 =1{11C0010100

‘ 0011110000
! OO0CxyzulloOQ

with two of x,y,z,u equal to one. But there is no way to arrange

Sl'

All the threc cases are ruled out, we now have the desired i

result. §
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